Abstract. A classical problem in algebraic deformation theory is whether an infinitesimal deformation can be extended to a formal deformation. The answer to this question is usually given in terms of Massey powers. If all Massey powers of the cohomology class determined by the infinitesimal deformation vanish, then the deformation extends to a formal one. We consider another approach to this problem, by constructing a miniversal deformation of the algebra. One advantage of this approach is that it answers not only the question of existence, but gives a construction of an extension as well.
Introduction
We work in the framework of the parity reversion W ¼ PV of the usual vector space V on which an L y algebra structure is defined, because in the W framework, an L y structure is simply an odd coderivation d of the symmetric coalgebra SðW Þ, satisfying d 2 ¼ 0, in other words, it is an odd codi¤erential in the Z 2 -graded Lie algebra of coderivations of SðW Þ. As a consequence, when studying Z 2 -graded Lie algebra structures on V , the parity is reversed, so that an mjn-dimensional vector space W corresponds to a njm-dimensional Z 2 -graded Lie structure on V . Moreover, the Z 2 -graded anti-symmetry of the Lie bracket on V becomes the Z 2 -graded symmetry of the associated coderivation d on SðW Þ.
A formal power series d ¼ d 1 þ Á Á Á , with d i A L i ¼ HomðS i ðW Þ; W Þ determines an element in L ¼ HomðSðW Þ; W Þ, which is naturally identified with CoderðSðW ÞÞ, the space of coderivations of the symmetric coalgebra SðW Þ. Thus L is a Z 2 -graded Lie algebra. An odd element d in L is a called a codi¤erential if ½d; d ¼ 0. We also say that d is an L y structure on W .
A detailed description of L y algebras can be obtained in [16, 17] . The study of examples of L y algebra structures in [9, 11, 10, 12] , and especially [1] may be useful to the reader because they contain many examples of L y algebras and their miniversal deformations.
Let us establish some basic notation for the cochains. Suppose W ¼ hw 1 ; . . . ; w mþn i with w 1 ; . . . ; w n odd and w nþ1 ; . . . ; w mþn even elements. If I ¼ fi 1 ; . . . ; i mþn g is a multiindex, with i k either zero or one when k a n, let w I ¼ w If j is odd, we denote it by the symbol c to make it easier to distinguish the even and odd elements.
Versal deformations.
For the classical formal deformation theory we refer to [15] . Versal deformation theory was first worked out for the case of Lie algebras in [4, 5, 7] and then extended to L y algebras in [8] .
An augmented local ring A with maximal ideal m will be called an infinitesimal base if m 2 ¼ 0, and a formal base if A ¼ lim n A=m n . A deformation of an L y algebra structure d on W with base given by a local ring A with augmentation e : A ! K, where K is the field over which W is defined, is an A-L y structured d on Wn n A such that the morphism of A-L y algebras e Ã ¼ 1 n e : L A ¼ L n A ! L n K ¼ L satisfies e Ã ðd dÞ ¼ d. (Here Wn n A is an appropriate completion of W n A.) The deformation is called infinitesimal ( formal) if A is an infinitesimal (formal) base.
In general, the cohomology HðDÞ of d given by the operator D : L ! L with DðjÞ ¼ ½j; d may not be finite dimensional. However, L has a natural filtration L n ¼ Q y i¼n L i , which induces a filtration H n on the cohomology, because D respects the filtration. Then HðDÞ is of finite type if H n =H nþ1 is finite dimensional. Since this is always true when W is finite dimensional, the examples we study here will always be of finite type. A set d i will be called a basis of the cohomology, if any element d of the cohomology can be expressed uniquely as a formal sum d ¼ d i a i . If we identify HðDÞ with a subspace of the space of cocycles ZðDÞ, and we choose a basis b i of the coboundary space BðDÞ, then any element z A ZðDÞ can be expressed uniquely as a sum
i be a parameter of opposite parity. Then the infinitesimal deformation
, with base A ¼ K½u i =ðu i u j Þ is universal in the sense that ifd d is any infinitesimal deformation with base B, then there is a unique homomorphism
For formal deformations, there is no universal object in the sense above. A versal deformation is a deformation d y with formal base A such that ifd d is any formal deformation with base B, then there is some morphism f :
If f is unique whenever B is infinitesimal, then the versal deformation is called miniversal. In [8] , we constructed a miniversal deformation for L y algebras with finite type cohomology.
The method of construction is as follows. Define a coboundary operator D by DðjÞ ¼ ½j; d . First, one constructs the universal infinitesimal deformation
, where d i is a graded basis of the cohomology HðDÞ of d, or more correctly, a basis of a subspace of the cocycles which projects isomorphically to a basis in cohomology, and u i is a parameter whose parity is opposite to d i . The infinitesimal assumption that the products of parameters are equal to zero gives the property that ½d 1 ; d 1 ¼ 0. Actually, we can express
where b i is a basis of the coboundaries, because the bracket of d 1 with itself is a cocycle. Note that the right hand side is of degree 2 in the parameters, so it is zero up to order 1 in the parameters.
If we suppose that Dðg i Þ ¼ À 
one obtains
Thus we are able to get rid of terms of degree 2 in the coboundary terms b i , but those which involve the cohomology terms d i can not be eliminated. This gives rise to a set of second order relations on the parameters. One continues this process, taking the bracket of the n-th order deformation d n , adding some higher order terms to Examples of miniversal deformations cancel coboundaries, obtaining higher order relations, which extend the second order relations.
Either the process continues indefinitely, in which case the miniversal deformation is expressed as a formal power series in the parameters, or after a finite number of steps, the right hand side of the bracket is zero after applying the n-th order relations. In this case, the miniversal deformation is simply the n-th order deformation. In any case, we obtain a set of relations R i on the parameters, one for each d i , and the algebra A ¼ C½½u i =ðR i Þ is called the base of the miniversal deformation. Examples of the construction of miniversal deformations can be found in [6, 7, 14, 9, 11 ].
Extensions of infinitesimal deformations.
Let us put together a general picture of how to use a miniversal deformation to solve the extension problem. Let us suppose that c k and f k are bases of the odd and even parts of a preimage of the cohomology of a codi¤erential d, and a k , b k are bases of the odd and even parts of a preimage of the coboundaries determined by d. Then there is a miniversal deformation of the form
where the t k are odd parameters, the y k are even ones, and x k is an odd and y k is an even formal power series in the parameters. For each k, there are odd relations r Classically, an infinitesimal deformation is given by a single even parameter u. It is natural to extend the classical picture by adding an odd parameter y, so that for our purposes we will state the deformation problem in the following manner. Consider an infinitesimal deformation of the form
where c and j are odd and even cocycles. An important question is when does this infinitesimal deformation extend to a formal deformation. Without loss of generality, one can assume that c and j are (possibly infinite) linear combinations of the c k and f k . This is because one can remove any coboundary term by applying an equivalence. Similarly, any extension of this infinitesimal deformation to an n-th order deformation is equivalent to one of the form
where
are polynomials of degree less than or equal to n in u without constant term such that c ¼ c k a
Another important question is when does such an n-th order deformation extend to a formal deformation.
To answer this question, first note that if we identify
(1) The relations on the base are satisfied up to order n þ 2; Given a formal deformation d f of the form
where now a k , b k , g k and h k are formal power series, there is a unique map f from the base of the miniversal deformation to K½½u; y satisfying
Thus it may seem that the miniversal deformation is universal. The problem is that we work in the category of equivalence classes of deformations, so that d f may be equivalent to other deformations of the form as in (1) . The necessity of working with equivalence classes is clear from the fact that in general, a formal deformation is not of the form given by (1), but merely equivalent to one in such a form, because coboundary terms may appear in d f . We will give an example later on in the text to illustrate this point.
Our purpose in this article is to construct some nontrivial examples of miniversal deformations and use them to illustrate how to carry out the procedure of determining which infinitesimal deformations extend to a formal one. 
c: ð2Þ
Miniversal deformations for codi¤erentials of the first kind were computed in [1] . The codi¤erentials of degree two of the first kind form a complicated one parameter family, while the codi¤erentials of degree two are all equivalent to one of only two types, which we called Type ð1; 0; 0Þ and Type ð0; 1; 0Þ, where the type represents the triple ða; b; cÞ of coe‰cients in (2) . Even though the description of the moduli space of degree two codi¤erentials is simple, the cohomology for both of the degree two codi¤erentials of the second kind is infinite dimensional. We did not give a complete description of the miniversal deformations of degree two codi¤erentials of the second kind in [1] , so we will give that description here. The miniversal deformations provide some nice examples which illustrate how to use a miniversal deformation to determine whether an infinitesimal deformation extends to a formal deformation.
Miniversal deformations of Type
. We obtain the following table of coboundaries: ; 2j
Let us label the cohomology classes as follows:
; t n ¼ 2j
; n > 0:
In order to construct the miniversal deformation, we choose pre-images of the coboundaries as follows:
The universal infinitesimal deformation is given by
where s 1 and t n are even parameters and y n , h n and z n are odd parameters.
The brackets we need to compute ½d
Note that there are two exceptions to the rules above:
Thus the second order relations are
The second order deformation is easily computed to be
Examples of miniversal deformations where
Note that only some of the pre-images of coboundaries actually play any role in the second order deformation. In this example, it turns out that the second order deformation is miniversal, so these are the only cochains which are necessary to add. To see this, let us consider the brackets which arise in the computation of ½d
No coboundaries appear in these brackets, which means that the second order deformation is miniversal. It is also the case that the sum of the terms involving the preimages of a coboundary must vanish. In particular, in the brackets above, the sum of all terms involving a 1; n , b 1; n or g 1; n cochains must vanish. Strictly speaking, it is unnecessary to check this fact, since it is guaranteed by the existence theorem for the miniversal deformation [8] , but we found it interesting to check the manner in which the terms cancel. In fact, these terms cancel without using the relations on the base, although, as we shall show later, the same is not true for the a 0; n , b 0; n and g 0; n cochains.
The b 1; n terms appear only in the bracket ½b 0; kÀ1 ; s l z kÀ1 h l , so we should have
which vanishes simply because the h cochains anticommute.
To see that the a 1; n cochains cancel, note that there are two sources of such terms. From ½b 0; kÀ1 ; t l z kÀ1 z l , we get a 1; kþlÀ3 ð1 À lÞz kÀ1 z l , while from ½a 0; kÀ1 ; s l y kÀ1 h l , we get a 1; kþlÀ3 ky kÀ1 h l . Substituting for y kÀ1 and z kÀ1 , and summing, we obtain
To see that the g 1; n terms vanish, we compute
Therefore, the sum of all terms involving g 1; n has coe‰cient
since the first sum above is just s 1 y n and the second sum vanishes by the anticommutativity of h cochains.
The relations on the base of the miniversal deformation are
Now let us show that the coe‰cients of the a 0; n , b 0; n and g 0; n cochains vanish.
The coe‰cients of the terms involving b 0; n are
First, we observe that
so the coe‰cients from the ½a 0; kÀ1 ; s l terms add up to zero on their own.
Next, we have
Thus we have
which shows that the sum of the coe‰cients of the b 0; n terms is zero. We only needed the fourth relation on the base to establish this result.
The coe‰cients of the terms involving a 0; n are
We will show that the sum of the coe‰cients here satisfies
and therefore it vanishes. Thus the vanishing of the sum of these coe‰cients uses only the fourth and fifth relations on the base.
Examples of miniversal deformations
The coe‰cients of the terms involving g 0; n are
We claim that
This follows from
The demonstration of the vanishing of the coe‰cients of the terms appearing in the bracket ½d y ; d y is not straightforward. Nevertheless, this demonstration is unneces-sary due to the construction of the miniversal deformation which was given in [8] . We included the explicit calculations here as an illustration of the complexity which arises in establishing the vanishing of these coe‰cients by a direct calculation.
Now let us address the question of when an infinitesimal deformation
where c is an odd and j an even cocycle, and u is an even and y an odd parameter, extends to a formal deformation. Without loss of generality, we can assume that c is in the span of the cocycles x and c k , and that j is in the span of j k , s k and t k , since they di¤er from elements of this form by coboundaries. Suppose we write
descends to one from the base A ¼ K½½s
Þ to K½½u; y precisely when it vanishes on the relations. Examining the relations carefully, we observe that the third, fourth and fifth ones only have terms involving the product of two odd terms, and since these products are automatically zero in K½½u; y, there is nothing to check for these relations. Substituting in the first two relations gives the conditions
which must be satisfied for all m and n. It is much easier to check when the map f is of degree 1, in which case the second condition breaks up into the two separate conditions
The first of these two conditions coming from the second relation is cubic and the second quadratic in the parameters t and y, while the condition derived from the first relation is also quadratic. Some infinitesimal deformations will not extend to second order, because their coe‰cients fail the quadratic constraints, while some will extend to second order deformations, but not to third order, because their coe‰cients fail the 2 y. Moreover, in the first case, the (first) obstruction to the extension is given by Àx, while in the second case, the (second) obstruction to the extension is given by À 1 2 c i . In fact, it is easy to determine the obstruction to an extension by simply plugging the coe‰cients into the relations. For example, if
The coe‰cients of the cocycles in the first obstruction are given by plugging the coe‰cients of the infinitesimal extension in the quadratic parts of the relations. However, it should be pointed out that in general, the second and higher obstructions are not uniquely defined, because they depend on the choice of the cochains added at each order.
For example, if What we can say is that the relations determine the maximum extendibility of our deformation. This is the same property as one observes with Massey powers. The vanishing of the nth Massey power means that the deformation can be extended to order n. The first nonvanishing Massey power determines the maximal order to which the deformation can be extended.
We have to be very careful in interpreting how to use the relations, though. In the
we can adjust the second order extension we gave before to d Consider the formal deformation
Both of these formal deformations are expressed as sums of cohomology classes, so both of them appear as f Ã ðd y Þ with obvious homomorphisms from the base of the miniversal deformation to K½½u; y. This example illustrates the nonuniqueness of the homomorphism from the base of the versal deformation to the base K½½u; y such that The universal infinitesimal deformation is given by
Miniversal deformations of
where t i are even parameters and y n and h n are odd parameters. Let
These cochains are preimages of a basis of the coboundaries, so it is possible to express the miniversal deformation in the form
It turns out that we do not need all of the above cochains to construct the miniversal deformation. Let us denote
Examples of miniversal deformations and set r k ¼ x k; 1 , s k ¼ x 0; l . Then we will show that the miniversal deformation can be expressed in the form
where g k , e k and b k are even cochains defined for k b 1, t k; l and x k; l are odd cochains defined for k; l b 0, and actually, v k; 0 ¼ 0.
The brackets we need to compute in order to determine ½d 1 ; d 1 are
The second order relations are
The second order deformation is given by
We next compute the brackets which are necessary to compute ½d 2 ; d 2 . These are the brackets of cohomology classes and the g and e terms. Note that since these terms first appeared in the brackets of cohomology classes, their coe‰cients in the miniversal deformation have order two, so the brackets below have order 3.
Let us show that the terms involving g and e cochains cancel, at least up to fourth order. Consider the following terms
Summing the first two types, dividing by 1 2 and adding the last term gives the second order relation involving h cochains, plus the term t 1 h 0 h nþ2 . But this term is zero up to fourth order, using the second order relation t 1 h 0 ¼ 0. The terms involving e cochains are handled similarly. The third order relations are
Notice that only two of them have been modified from the second order relations. The third order deformation is
Next, we compute all brackets whose order is 4. Note that the brackets of g and e terms appear here, because they have order 4, and so play no role in the construction of the third order deformation.
Examples of miniversal deformations
Note the appearance of the terms a n; k . Let us show that the coe‰cient of such terms is zero, up to order 5. We have
Adjusting the indices, and interchanging the odd terms in the third equation, one sees that these terms add up to zero.
In the fourth order deformation, it is necessary to introduce the cochains t k; l , which therefore will be of order 4. Some modifications to the relations occur, and some additional g, b and x terms will be added. We will not give the fourth order deformation explicitly here, because we will compute the miniversal deformation directly by recursion. In order to do so, we need to compute all the brackets of all of the remaining terms with each other.
Let us collect the terms involving the coboundaries of the g cochains. Including the coe‰cients, we obtain
Since the sum of all terms involving the same index in g must vanish, we obtain the recursive relation r k ¼ t 1 h kþ1 À t 1 r kþ1 , from which it follows that
For the e cochains we have
which yields
The terms involving coboundaries of b cochains are
Since For f n we obtain the terms
From the brackets ½f k ; e l , if we re-index in the form ½f k ; e lþ1 , so that we can sum for all k, l, not just l > 0, and then sum the corresponding terms with k and l interchanged, we obtain 1 2 ðk À lÞy k s lþ1 f n , for k þ l ¼ n. Similarly, from ½g 1 ; b n , we get À 1 2 ðk À lÞr 1 y n n. Lastly, there are the terms ½s 1 ; b n , contributing Àh 1 y n f n , ½c 1 ; t 1; nÀ1 , giving Àt 1 u 1; nÀ1 f n , and ½c 1 ; x 0; n , yielding t 1 v 0; n f n . These last terms are only defined when n b 1. Putting this altogether, we obtain
Finally, let us examine the terms involving the s cochains. From
From ½c 2 ; t n; 0 , we obtain t 2 u n; 0 . Thus the corresponding relation is t 2 u n; 0 þ 1 2
Putting these all together, the relations on the base of the miniversal deformation are t 2 y 0 ¼ 0
Note that the s, y, u and v coe‰cients above can be expressed in terms of the parameters t 1 , t 2 , y and h. The first two relations are odd, and the last two are even, so only the first two play a role in determining whether an infinitesimal deformation extends to a formal one. Substituting for the s 1 and y 1 coe‰cients in the second relation gives 
Conclusions
The notion of miniversal deformation has been around for quite some time (see [4] , [5] ). Nevertheless, there were some confusions in understanding and computing deformations, as was mentioned in [7] . We have felt that some of the confusion arises because there were so few examples (see [6] , [7] , [14] ). Our purpose in this article has been to give some explicit constructions of miniversal deformations, and use them to address the classical question of when an n-th order deformation extends to a formal one.
In [7] , relations on the base of the miniversal deformation were found, without actually constructing a miniversal deformation. Since these relations alone determine the extendibility of a deformation, it is interesting to note that they can sometimes be found without having to carry out the complete construction.
Another important classical question is the following. Given that an extension to a formal deformation exists, how can you determine the equivalence classes of nonequivalent extensions. We did not address this problem in this article. In some of our other work [10, 13] , we have addressed the problem of how to extend a codi¤erential of degree n to a more general L y structure, with possibly infinitely many terms. We studied the equivalence classes of these extensions, and the classification problem is quite tricky. Since these extensions can be thought of as specializations of deformations of the L y structure determined by the degree n codi¤erential, where the even parameters are given fixed values, and the odd parameters have been set equal to zero, there is a close relationship between the problem of classification of extensions and the classification of deformations up to equivalence. Thus, we don't expect the classification of deformations to be easy.
